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§ 1. Introduction

Let o be a sentence of first-order logic (with equality). Scrovrz [3] defined the spectrum
of o to be the set of cardinalities of finite structures in which ¢ is true. AssERr [1] asked
whether the complement of every spectrum is a spectrum. This question is still open.
Call a set S of positive integers a double spectrum if both S and the complement § of §
are spectra. In this paper, we give a “two-cardinal’ characterization of double spectra.

§ 2. Definitions

If A is a set, then denote the cardinality of 4 by card(4). Denote the set {0, 1, 2, . . .}
of natural numbers by N, and the set {1, 2, 3, . . .} of positive integers by Z*.

Let % be a set of (nonlogical) predicate symbols. By an & -structure, we mean a
relational structure appropriate for &. If % is an & -structure, then denote the cardinality
of the universe of ¥ by card(). If card(Y) is finite, then we call A a finite (F)-struc-
ture. If P € &, then by P¥, we mean the interpretation of P in 9.

If A is a structure and ¢ is a first-order sentence, then by U F o, we mean that ¢ is

“true in .

For ease in readability, we may abbreviate a first-order sentence by its English
translation, in quotation marks.

Let ¢ be a first-order formula with free variables z, v,, . . ., v,,, where we single out
the free variable x. We will define the relativization y® for first-order formulas y, by
induction on formulas. If yp is atomic, then »? = y; in addition,

(~Q/")‘p = N("Pw)r ("/"1 A 1/)2)‘11 = 'P'f A 'pg’ (Vyl‘p)c’ = Vz(‘P(z, 12 IR V) = (z)),
where @(z, vy, . . ., v,,) (respectively, p(z)) is the result of replacing each occurrence of
@ in @ (respectively, y in ¢) by a new variable z, chosen by some fixed rule. If U is a
unary predicate symbol, then ¥ denotes ypU=.

§ 3. A Two-Cardinal Characterization

If S is a set of positive integers, then let fg: Z+ — N be the function which maps n
onto the cardinality of S~ {1, ..., n}, for each n.

Let U be a unary predicate symbol, and let g: Z+ — N have the property that
g(n) = n for each n. Then we say that g is two-cardinal definable (via o) if ¢ is a first-
order sentence which contains, among others, the symbol U, and
1. If A is a finite structure and % ¥ o, then gtcard(A)) = card(UY).

2. If g(n) = u, then there is a (finite) structure 9 such that card() = n, card(U¥) = u,
and Ak o. ‘
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Theorem. S is a double spectrum iff fs is two-cardinal definable.

Proof. “«": Assume that fg is two-cardinal definable via ¢. For each k and each
k-ary predicate symbol P which appears in ¢, let P be a new k-ary predicate symbol.
Let V be one more new unary predicate symbol. Let 7 be the sentence

“There is exactly one point not in ¥”’ A “U is a proper subset of U”.

Form ¢ from ¢ by replacing each symbol P by P, for each P. If n % 1 andif fs(n) + 0,
then n € 8 iff » is in the spectrum of the sentence ¢ A 7 A ¢¥. This is because n € § iff
fs(n) > fs(n — 1). So 8 differs from a spectrum by at most a finite set, and hence is a
spectrum itself. If n # 1, then n € § iff # is in the spectrum of

o A “There is exactly one point notin ¥V’ A “U = U” A §V.
This is because n € § iff f,(n) = fs(n — 1). So § is a spectrum.

“=>": Assume that S is the spectrum of ¢, and § is the spectrum of 7. We can assume
that o and 7 have no nonlogical symbols in common. For each k and each k-ary predicate
symbol P which occurs in ¢ or 7, let £ be a new (k + 1)-ary predicate symbol. Let
U be a new unary predicate symbol, and < a new binary predicate symbol. Let y be a
variable that does not occur in ¢ or 7, and let (x) be the formula z < y v« = y. Define
&(y) to be the formula obtained from ¢ by replacing each occurrence of Pz, ... 2, ing
by I;yxl ... @, for each P in ¢ and each variable z,, .. ., x;; similarly, define £(y).
Let « be the following sentence:

“ < is a strict linear order (transitive and satisfies trichotomy)” A
A Vy((6%D v 79@) A (Uy & 6%)).

Intuitively, « says that for each initial segment 4, = {z: x < y}, we have imposed new
relations on 4, such that a simulated version of either ¢ or 7 is true about this new
structure YU, with universe A,; the relation Pz, ...w, is simulated by Pyx, ... x,.
Further, « says that Uy holds iff the simulated: version of ¢ is true about %[, . Therefore,
it is not hard to see that f is two-cardinal definable via «.

§ 4. An Example

Let f(n) = [nY?] for each positive integer n (where [z] is the greatest integer not
exceeding x). Then f = f5, where S is the set of perfect squares: this is clear upon
reflection. So f is two-cardinal definable iff § and § are each spectra (which, it is not
hard to show, is the case).
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