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Symmetric and positive-definite (SPD) matrices arise naturally in a wide range of scientific and engineering
applications [3, 4], where they encode essential second-order structures such as correlations between signals.
The ubiquity of SPD matrices as data representations has motivated the design of machine learning algorithms
specifically dedicated to this type of data. Recent years have seen the extension of various machine learning
models to SPD matrices, including deep learning approaches [1, 2]. A classical way to extract features from
SPD matrices is through congruence-like transformations of the form X 7→ WXW⊤ where W⊤ ∈ Rn×p has
full column rank [2]. These transformations are alternated with nonlinear activations functions, that operate
on the matrix eigenvalues. The resulting feature extraction block is then followed by a classifier, as illustrated
on Figure 1. The numerical stability of the training procedure is ensured by enforcing (semi)-orthogonality on
the weight matrices of the model.
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Figure 1: Deep neural network.

Network description: Let ϕ : SPD(d) → RK be a neural network
mapping SPD-valued inputs to class scores. Let X0 ∈ SPD(d). Let
g(·) be a matrix function, and let L denote the depth of the network.
The network propagates the signal according to

Xl = g
(
W lXl−1W l⊤

)
, l = 1, . . . , L,

ϕ(X0) = f(XL),
(1)

where {W l ∈ Rdl×dl−1

}Ll=1 are the weight matrices of the feature ex-
tractor, f : SPD(dL) → RK is a classifier, and g is an primary matrix
activation function.

We explore here the role of depth in architecture (1). We highlight that the (commonly used) (semi-)orthogonality
constraint on the weight matrices impairs model expressivity for these layers, as for some choices of activation
functions, the resulting architecture collapses to a one-hidden-layer equivalent network. This lack of expressivity
results from a drop of diversity in the spectrum of congruence-like layers, when the weight matrices are restricted
to be (semi-)orthogonal, and is a direct consequence of Poincaré’s separation theorem. As a second step, we
discuss the choice of the final classifier: we compare several celebrated Riemannian classifiers, and discuss their
compatibility with the feature map extraction mechanism implemented by congruence-like layers.
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